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Abstract
If the quotient group of a group G modulo its hypercenter is a T -group, we call G a T1-group. We
classify all finite groups which are not T1-groups but all their proper subgroups are, and compare this with
the situation for supersolvable groups, T -groups, and PST-groups.
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1. Introduction
All groups considered here are finite. A group G is called a T -group, if all the subnormal
subgroups of G are normal. These groups have been studied intensively in [1–5,10,14]. Also
minimal non-T -groups (groups which are not T -groups but all of their proper subgroups are
T -groups) have been classified by Robinson [15]. A subgroup H of G is said to be Sylow-
permutable (S-permutable), if H permutes with all the Sylow subgroups of G. A group is called
a PST-group if S-permutability is a transitive relation in G; that is if H,K are subgroups of G
such that H is S-permutable in K and K is S-permutable in G, then H is S-permutable in G.
A group G is a PST-group if and only if all the subnormal subgroups of G are S-permutable, see
[1–3,5]. Solvable T - and PST-groups are classified in the following
Proposition 1. Let L be the nilpotent residual of the group G. Then
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operates by conjugation as a group of power automorphisms on L,
(b) (see [14]) G is a solvable T -group if and only if G is a solvable PST-group and G/L is a
Dedekind group.
A group G is called a T1-group if G/Z∗(G) is a T -group, where Z∗(G) is the hypercenter
of G. T1-groups were introduced by the authors in [6] and solvable T1-groups were classified
in [7].
Proposition 2. Let L be the nilpotent residual of G. Then G is a solvable T1-group if and only if
the following hold:
(a) LZ∗(G)/Z∗(G) is an abelian Hall subgroup of G/Z∗(G),
(b) G acts by conjugation on L/L′ as a group of power automorphisms.
A group G is called a minimal non-T1-group if G is not a T1-group but all of its proper
subgroups are T1-groups. Robinson classified the minimal non-T -groups in [15] and the minimal
non-PST-groups in [17]. The purpose of this paper is to classify the minimal non-T1-groups. This
is accomplished in the following theorem.
Theorem. Assume that all proper subgroups of the group G are T1-groups but G itself is not a
T1-group. Then there is one and only one prime p such that the Sylow-p-subgroup P of G is
non-trivial and normal. Let H be a complement of P in G. Then G satisfies one of the following
statements:
(a) There are three primes p,q, r such that q | p − 1 and r | q − 1 and |G′| = pq while
|G/Z(G)| = pq2r , in particular, G is metacyclic,
(b) G/PCG(P ) ∼= C2 ×C2,H is a 2-generator 2-group and Φ(H) = CH (P ), |P | = p2,
(c) |G/PCG(P )| is an odd prime or 4 and divides p − 1, Z(P ) ⊆ Z(G), |P/Z(P )| = p2,
(d) |G/PCG(P )| divides p − 1 and is a product r1r2 of two different primes or a power rm of a
prime, not itself a prime, |P | = p2 and H is cyclic of order rs1rt2 or rn,
(e) |G/PCG(P )| is an odd prime dividing p − 1, |P ′| = p, |P/Z(P )| = p2 and H is cyclic of
order a power of |G/PCG(P )|,
(f) |G/PCG(P )| = 2, |P ′| p2, |P/Z(P )| p3 and H is a cyclic 2-group,
(g) |G/PCG(P )| is cyclic of order qm with q a prime and m > 1, such that qm−1 but not qm
divides p − 1, P3 = Pp = 1 and |P |  p3 if qm = 4, and P ′ = Pp = 1 and |P | = pq
otherwise; H is a cyclic q-group,
(h) |G/PCG(P )| is a prime not dividing p − 1 and H is a cyclic q-group;
P3 = 1, |P/P ′| = pm where m is smallest possible with q | pm − 1; further P ′ = 1 if m is
odd, otherwise P3 = 1 and |P ′|2  pm; if p is odd we have Pp = 1.
Let G be a minimal non-T1-group. The fact that G has a unique normal Sylow subgroup is
established in Lemma 2 of the next section. Several minimal non-T1-groups are also minimal
non-T -groups. However, a close look at the above theorem and at Theorem 1 of Robinson [15]
shows that there are many more classes of minimal non-T1-groups.
A group G is called a T ′′1 -group if G/Z∗(G) is a PST-group (see [7]). Further, let T1(S)
(respectively T ′′(S)) denote the class of solvable T1 (respectively T ′′)-groups. In [7] it is estab-1 1
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non-T ′′1 -groups.
Notation for this paper is standard (see Huppert [12] and Robinson [16]) unless it is explained
at appearance.
2. Preliminary lemmas
In this section we present a number of lemmas that are used in the proof of our classification
theorem. Propositions 1 and 2 are also used often in the proofs of these lemmas.
Lemma 1. Let G be a solvable T1-group and R its nilpotent residual, further let p be any prime.
Then
(a) if p | |R|, then the Sylow p-subgroup of G is normal,
(b) if p is a prime divisor of |G|, then G is either p-closed or p-nilpotent.
Proof. We know that G/Z∗(G) is a T -group. Its nilpotent residual RZ∗(G)/Z∗(G) is a Hall-
subgroup of G/Z∗(G) and is abelian. So RZ∗(G) is nilpotent and R is nilpotent. Denote
the Sylow p-subgroup of R by T . We have [G,T ] = T and so T ⊆ Z∗(G). It follows that
p | |R/R ∩ Z∗(G)| = |RZ∗(G)/Z∗(G)|, and since RZ∗(G)/Z∗(G) is a Hall subgroup of
G/Z∗(G) we have obtained that G/RZ∗(G) is a p′-group and the Sylow p-subgroups of G
are contained in RZ∗(G). This is a nilpotent normal subgroup, so the Sylow p-subgroup of G is
normal. This proves (a).
If p | |R|, then G is p-closed by (a). If R is a p′-group, the Hall p′-groups of G contain the
nilpotent residual R of G. This shows that the Hall p′-group is normal and G is p-nilpotent;
(b) is shown, the proof of Lemma 1 is complete. 
Lemma 2. Let G be a solvable group possessing two different normal Sylow subgroups A and
B such that G/A and G/B are T1-groups. Then G is a T1-group.
Proof. If A or B are contained in Z∗(G), nothing is to be shown. So AZ∗(G) = Z∗(G) =
BZ∗(G) and if R is the nilpotent residual of G then A ∩ R = 1 = B ∩ R. Let A be a p-group
and B be a q-group, and let Ψ be the set of primes dividing the orders of the elements of R
except p,q . Then the nilpotent residual RA/A of G/A is a (Ψ ∪ {q})-subgroup and likewise
RB/B is a (Ψ ∪{p})-subgroup. By Lemma 1, G/A possesses a nilpotent normal Hall (Ψ ∪{q})-
subgroup VA/A and G/B possesses a nilpotent normal Hall-(Ψ ∪ {p})-subgroup WB/B . By
construction, VA and WB are normal Hall Ψ ∪ {p,q}-subgroups, so WB = VA and WB
is nilpotent since WB/B and WB/A are and A ∩ B = 1. Furthermore WBZ∗(G)/BZ∗(G)
and WBZ∗(G)/AZ∗(G) are abelian and so is WBZ∗(G)/Z∗(G) = WBZ∗(G)/(BZ∗(G) ∩
AZ∗(G)). Also G operates by conjugation as a group of power automorphims on the quotients
(W ∩V )Z∗(G)/Z∗(G), AZ∗(G)/Z∗(G), BZ∗(G)/Z∗(G); these are of relatively prime orders,
and so G also operates on WBZ∗(G)/Z∗(G) as a group of power automorphisms. This shows
that G/Z∗(G) is a T -group and G is a T1-group. 
Next we state a result of Doerk [9] on minimal non-supersolvable groups (i.e. non-
supersolvable groups possessing only supersolvable proper subgroups) which we will use in
the proofs of several lemmas.
1688 J.C. Beidleman, H. Heineken / Journal of Algebra 319 (2008) 1685–1695Proposition 3. Let G be a minimal non-supersolvable group. Then
(a) G has a normal Sylow p-subgroup P = 1 for some prime p, and G is solvable,
(b) P/Φ(P ) is a minimal normal subgroup of G/Φ(P ),
(c) Φ(P ) ⊆ Z(P ) so [[P,P ],P ] = 1,
(d) Φ(P ) is supersolvably embedded in G,
(e) if p > 2, P has exponent p; if p = 2, P has exponent at most 4,
(f) if Q is a Hall p′-subgroup of G, then Q∩ CG(P ) ⊆ Φ(Q),
(g) Q/CG(P )∩Q ∼= G/PCG(P ) is a minimal non-abelian group or cyclic of prime power order,
(h) |Q/Cp(Q)| and |Q| are divisible by at most two prime divisors.
Now we deduce a first statement on minimal non-T1-groups.
Lemma 3. If G is a minimal non-T1-group, then
(a) G is solvable;
(b) there is one and only one prime p such that the Sylow p-subgroup of G is non-trivial and
normal.
Proof. All proper subgroups of G are T1-groups and therefore supersolvable. If G itself is not
supersolvable, it is a minimal non-supersolvable group. These groups are classified by Doerk [9],
they are solvable (see Proposition 3(a)), which proves (a).
If G is supersolvable and p is the largest prime dividing |G|, then the Sylow p-subgroup of
G is normal. If G is not supersolvable, it is minimal non-supersolvable and possesses a normal
Sylow-subgroup for some prime p | |G|, by Doerk (see Proposition 3(a)). So there is always at
least one non-trivial normal Sylow-subgroup of G. Every normal Sylow subgroup S is comple-
mented by a Hall-subgroup, and this complement is isomorphic to G/S. Using Lemma 2 we find
that G possesses at most one non-trivial normal Sylow-subgroup. So (b) is shown. 
Considering special cases. We will make use of Lemma 3 and impose further conditions on
the groups; later on we will proceed to the general case.
Lemma 4. Assume that G is a minimal non-T1-group satisfying the following conditions:
(i) the Fitting subgroup F(G) = P of G is a Sylow p-subgroup for some prime p;
(ii) G is not supersolvable.
Then Pp = 1 for odd p and P 4 = 1 for p = 2 and either
(a) G/P is a cyclic q-group with q | p − 1,
Gq/P = 1 and |Gq/P | | p − 1 while |G/P |  p − 1,
P3 = 1,
|P/P ′| = pq ,
P ′ = 1 only if |G/P | = 4; or
(b) |G/P | = q where q is a prime and q  p − 1,
if m is minimal with q | pm − 1, then |P/P ′| = pm,
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P ′ = 1 only if m is even; in this case |P ′|2  pm.
Proof. The group G is minimal non-supersoluble. We make use of the results of Doerk which
we collected in Proposition 3. G possesses a unique normal Sylow subgroup P = 1 by Lemma 3,
and the exponent of P is given by Proposition 3(e), also P3 = 1 by Proposition 3(c).
Assume first that |G/P | is not a prime. Let K be a Hall p′-subgroup of G, then KP = G
and K ∼= G/P , so G/P is supersolvable. Let M/P be a maximal normal subgroup of G/P ;
then M is a maximal normal subgroup of G and a T1-group with selfcentralizing Sylow p-
subgroup P . This shows that M/P is cyclic and M = 〈x,P 〉 for some x ∈ K . Since [M,P ] is a
characteristic subgroup of M , it is normal in G and so [M,P ] = P . This shows that x induces
a power automorphism in P/P ′ and xP ∈ Z(G/P ). So G/P is abelian. If G/P possesses two
different maximal subgroups, then every element of K induces a power automorphism in P/P ′
and G is supersolvable. This contradiction shows that G/P possesses one maximal subgroup
only and hence is a cyclic q-group. Now |M/P | = |Gq/P | divides p − 1 since it consists of
power automorphisms, while |G/P | does not divide p − 1 since G is not supersolvable. P/P ′
is the minimal normal subgroup of G/P ′ by Doerk (Proposition 3(b)), in particular |P/P ′| =
pq . Since M is a T1-group, we have M ′′ = P ′ ⊆ Z∗(M). Let x induce a power automorphism
s → sn on P/P ′, then x induces a power automorphism t → tn2 on P ′ = Z(P ). This implies
n2 ≡ 1 mod p and P ′ = 1 whenever |M/P | = 2. So P ′ = 1 for q > 2 and P ′ = 1 only for q = 2
and |G/P | = 4. This proves (a).
Assume now that |G/P | = q , where q is some prime. G is not supersolvable, so q does not
divide p−1, and |P/P ′| = pm where m is minimal with respect to q | pm −1, since P/P ′ is the
minimal normal subgroup of G/P ′. Since KP ′ is supersolvable, it is abelian and P ′ = Z(G).
Let P ′ = 1 and V be any maximal subgroup of P ′. Then P/V does not possess characteristic
subgroups different from 1,P ′/V and P/V , and P/V is an extraspecial group. In particular,
P/P ′ has even rank, 2k say. The quotient group P/P ′ may be considered a vector space of di-
mension 2k with a space of non-degenerate antisymmetric bilinear forms of dimension t , where
|P ′| = pt . It is known (see for instance [13, p. 21/22]) that t  k if the underlying field is fi-
nite. So |P ′|2  |P/P ′| and (b) is shown. (We will see in the examples that this bound is best
possible.) 
Examples. (I) Let p ≡ 3 mod 4 and let 〈a, b〉 be an extraspecial group of order p3 and expo-
nent p. Define t such that t−1at = b, t−1bt = a−1, t4 = 1. Then t−1[a, b]t = [b, a−1] = [a, b].
Now G = 〈t, a, b〉 is not supersolvable, the maximal subgroups (〈t2, a, b〉 or a conjugate of
〈t, [a, b]〉) are T1-groups. Notice that G is not a minimal non-T -group. This is an example for (a)
with |G/P | = 4:
(II) Let q = 3 and p = 19, and let P = 〈a1, a2, a3〉 be elementary abelian of order 193. P ad-
mits a power automorphism of s → s4; it is of order 9. There is also an automorphism of P
mapping the triple (a1, a2, a3) onto (a2, a3, (a1)4), its third power is the previous automorphism.
The extension of P by an element x of order 27 operating by conjugation on P like the last men-
tioned automorphism is an example out of the class of groups appearing in (a) with |G/P | = 4.
Notice that these groups are minimal non-T -groups, the maximal subgroups are 〈x3,P 〉 and
conjugates of 〈x〉. See IV(b) of [15] for many other examples in this class of groups.
(III) Let p = 11 and q = 7. The Galois field F = GF(113) possesses an element t of multi-
plicative order 7. Let G be the group of mappings y → tmy + z | 0m< q; z ∈ F of F onto F .
The normal Sylow subgroup is then the set of translations y → y + z. The group is a minimal
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construction can be used for all (p, q) with odd m such that q | pm − 1. See IV(a) of [15].
(IV) Let p = 7 and q = 5. The Galois field F = GF(74) possesses an element t of mul-
tiplicative order 5, and t r = t−1 for r = 72. To construct the normal Sylow 7-subgroup we
begin with the group H of all upper unitriangular 3 × 3 matrices M = (mi,j ) with entries
(m1,2,m2,3,m1,3) = (a, ar , b) for a, b ∈ F . The diagonal matrix S = diag(1, t,1) normalizes
H and centralizes the matrices with a = 0. Let U be a subgroup of order 72 of F+ such that
F+ = U + {v | v ∈ F, vr = −v}, and let L ⊆ H be the set of matrices with (a, b) = (0,w)
where w ∈ U . Now G ∼= SH/U is a group with normal Sylow 7-subgroup H/U of index 5,
the commutator quotient is of order 74, its center of order 72. The reader will observe that this
construction works whenever (p.q) are primes with even minimal m such that q | pm − 1. The
groups are minimal non-T1-groups; they are not minimal non-T -groups except if (p, q) = (2,3).
Notice that |P/P ′| = |P ′|2 here.
Lemma 5. Assume that G is a supersolvable minimal non-T1-group with Sylow p-subgroup
P = F(G). Then
(a) G/P ′ is not a T -group.
(b) If G/P ′ is a T1-group, then |G/P | is a prime;
if |G/P | is odd, then P ′ = P3 = 1, |P ′| = p and |P/Z(P )| = p2;
if |G/P | = 2, then P4 = 1, |P/Z(P )| p3 and |P ′| p2.
(c) If G/P ′ is not a T1-group, then G/P is isomorphic to C2 × C2 or cyclic of order r1r2 or
rm with primes r1, r2, r ; P is two-generated; Pp = P3 = 1; further if |G/P | is not a prime
or 4, we have P ′ = 1.
Proof. Since G is supersolvable, we have G′ ⊆ F(G) and G/P is abelian. Our next step in all
three cases will be to say more about G/P .
Assume that (a) is false and a pair of groups G,P exists such G/P ′ is a T -group. Then
G/P is cyclic, say G = 〈x,P 〉 and x induces by conjugation a power automorphism on P/P ′,
for instance x−1yxP ′ = ynP ′ for all y ∈ P . But then x−1[y1, y2]xP3 = [y1, y2]n2P3 for all
y1, y2 ∈ P . Since G is a minimal non-T1-group and n ≡ 1 mod p, we obtain n ≡ n2 ≡ 1 mod p
and n ≡ −1 mod p. In this case G/P3 is a T1-group and so P3 = 1. Now, for some [[y1, y2], y3] /∈
P4 and y1, y2, y3 ∈ P we obtain that the proper subgroup U = 〈x, y3, [y1, y2]〉 is not a T1-group
since UP4/P4 is not a T1-group. This contradicts the hypotheses and (a) is true.
Assume now that G/P ′ is a T1-group. Again, G/P is cyclic and P ′ = 1. Let 〈t〉 be a comple-
ment of P in G. Denote 〈[t, x] | x ∈ P 〉 by W . Then 〈t,W 〉 = G is a T1-group. Since the orders
of t and W are relatively prime, we have W = 〈[t, y] | y ∈ W 〉.
If the order of t is bigger than 2, we deduce W ′ = 1 and every subgroup of W is normalized
by t . Let u ∈ CP (t) and v ∈ W be two elements different from 1. If X = 〈t, u, v〉 = G, then X is
a T1-group and X ∩ CP (t) is the hypercenter of X while W ∩X is abelian and normal in X, also
W ∩ C(t) = 1. This shows [u,v] = 1. Since G is not a T1-group, there are u,v as before with
[u,v] = 1, this yields G = 〈t, u, v〉 and P = 〈u,v〉, further P ′ = 〈[u,v],P3〉 ⊂ WP3 and proper
subgroups of G/P3 are metabelian and T1-groups. We have P3 = 〈[[u,v], v], [[u,v], u],P4〉.
Since W ′ = 1 we have [[u,v], v] ∈ P4. If P3 = 1 we have that 〈t, u, [u,v]〉P4/P4 is no T1-
group, so G/P4 would not be a minimal non-T1-group. This shows that P is generated by 2
elements and that P3 = 1. If a subgroup M exists with P ⊂ M ⊂ G, then M is a non-T1-group
contrary to hypothesis. So P is a maximal subgroup of G and |G/P | = q , a prime (odd). We
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[up, v] = [u,vp] = 1 and up, vp ∈ Z(P ). Now Z(P ) = 〈[u,v], up, vp〉 and |P/Z(P )| = p2,
further |P ′| = p.
Let t and W be as before but assume now that t has order 2. Then 〈t,W 〉 is a proper subgroup
of G and a T1-group, and this yields W ′ ⊆ Z∗(〈t,W 〉) = Z(〈t,W 〉) since G is p-perfect. We
conclude W3 = 1. Let u ∈ CP (t) and v = (t−1vt)−1 ∈ W . If 〈t, u, v〉 = G for all choices u,v,
then again [u,v] = 1 and G is a T1-group. This contradiction shows that u,v can be chosen
such that G = 〈t, u, v〉, in this case we have P = 〈u,v〉 and P ′ = 〈[u,v],P3〉, further P3 =
〈[[u,v], v], [[u,v], u],P4〉. If [[u,v], u] /∈ P4, then 〈t, u, [u,v],P4〉/P4 is a proper subgroup of
G/P4 and not a T1-group. So [[u,v], u] ∈ P4. We see now that all maximal subgroups of G/P4
are T1-groups, namely P/P4 and the conjugates of 〈t, u, [u,v],P4〉/P4 and 〈t, v, [u,v],P4〉/P4,
while G/P4 itself is not a T1-group. We have P4 = 〈[[[u,v], v], v], [[[u,v], v], u],P5〉. The first
commutator is contained in W3 and therefore trivial. For the second we have [[[u,v], v], u]P5 =
[[[u,v], u], v]P5 = P5 and so P4 = P5 = 1. Again 〈t, up, v〉 and 〈t, u, vp〉 are T1-groups and
[up, v] = [u,vp] = 1, so up, vp, [[u,v], u] ∈ Z(P ). This shows |P/Z(P )| p3 and |P ′| p2.
We have shown (b) completely.
Assume now that G/P ′ is not a T1-group. Let A and B be two different maximal subgroups
of G that contain P , and assume A ∩ B = P . Then A/P ′, B/P ′, (A ∩ B)/P ′ have the same
centers and the same commutator subgroups (on which power automorphisms are induced). This
is impossible since G/P ′ is not a T1-group. So A ∩ B = P , and |A/P | and |B/P | are primes.
To derive a contradiction we assume |A/P | = |B/P | = 2. Let 〈t1〉 and 〈t2〉 be complements of P
in A,B respectively, and assume that both elements induce the power automorphism x → xm on
[ti , P ]P ′/P ′. If 〈t1t2,P 〉/P ′ is a T1-group, then 〈t1t−12 ,P 〉/P ′ is not a T1-group: the first state-
ment yields [t1,P ]P ′ ∩ [t2,P ]P ′ = P ′, and t1t−12 operates on these two subgroups as different
power automorphism. We have found: If there are two different maximal subgroups A and B con-
taining P , then |A/P | = |B/P | = 2 or |A/P | = |B/P |, and both orders are primes. We deduce
further that there are two non-central minimal normal subgroups X/P ′, Y/P ′ of G/P ′ which are
not operator isomorphic in G/P ′. By construction, XY ⊆ P . If H is a complement of P in G,
then XYH is not a T1-group, so G = XYH and P = XY . Let X = 〈u,P ′〉, Y = 〈v,P ′〉. We will
proceed now according to the different cases for H .
If H = 〈a, b〉 is elementary abelian of order 4, we may choose a, b,u, and v such that all of
[a,u], [b, v], (av)2, (bu)2 are contained in P ′. We consider G/P3, and we have P ′ = 〈[u,v]P3〉.
Note that a−1[u,v]aP3 = b−1[u,v]bP3 = [u,v]−1P3. If P ′ = 1 we find that 〈a,u, v〉P3 is not
a T1-group, a contradiction. So P ′ = 1, and 〈a, b,up, v〉 and 〈a, b,u, vp〉 are T1-groups. This
shows up = vp = 1 and |P | = p2.
If H = 〈a〉 is cyclic of order a prime q , we have a−1uaP ′ = umP ′ and a−1vaP ′ = vnP ′. If
mn ≡ 1 mod p, we obtain a−1[u,v]aP3 = [u,v]P3 and G/P3 is a minimal non-T1-group. As
in (b) we see on the other hand that P3 = P4 in this case. Also 〈a,up, v〉 and 〈a,u, vp〉 must be
T1-groups which shows up = vp = 1. So for mn ≡ 1 mod p we have |P | p3 and |P/P ′| = p2.
For mn ≡ 1 mod p we obtain P ′ = P3 and |P | = p2.
If H = 〈a〉 is cyclic of order q1q2 with q1 = q2, not both of aq1 , aq2 operate as power
automorphisms on XY/P ′, and since 〈aq1 ,P 〉 and 〈aq2,P 〉 are T1-groups, at least one of
X/P ′, Y/P ′ is centralized by one of aq1, aq2 . Taking over our earlier definition of u,v,m,n
we have mn ≡ 1 mod p and P ′ = 1, also up = vp = 1 as before. So also here |P | = p2.
If H = 〈a〉 is cyclic of order 4, it may occur that 〈a2u,v〉/P ′ is a T -group and the T1-group
〈a2, u, v〉 is not metabelian but |P ′| = p. In this case |P | p3. If 〈a2, u, v〉/P ′ is not a T -group
but a T1-group, we have |P | = p2.
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With all earlier notation we have mn ≡ 1 mod p and |P | = p2.
We have proved (c) and therefore all sections of Lemma 5. 
Examples. (I) For groups of odd order in case (b) of Lemma 5 we choose for example primes
(p, q) = (7,3) and take P = 〈x, y | x7 = y7m = [[x, y], x] = [x, y7] = [[[x, y], y], y] = 1〉 and
extend this group by the group 〈z〉 of order 3 with the following relations: z−1xz = x2; [z, y] = 1.
The maximal subgroups of this group are P, 〈z, x, y7, [x, y]〉, 〈z, y, [x, y]〉 or conjugates of these
groups. All of them are T1-groups, only P is also a PST-group. The construction can be done in
analogy whenever q | p − 1.
(II) For groups of even order in case (b) let p = 3 and
P = 〈x, y ∣∣ x3n = y3 = [x3, y] = [[x, y], x] = [[[[x, y], y], y], y] = [[[[x, y], y], y], x] = 1〉.
We extend by a group 〈z〉 subject to the conditions [x, z] = (yz)2 = 1. Here the maximal sub-
group 〈z, y, [x, y]〉 and its conjugates are T -groups, the other maximal subgroups are T1-groups.
The construction can be transferred to any odd prime p.
(III) For case (c) and G/P ∼= C2 × C2 we take G to be the direct product of D2p × D2p , p
a prime. Here D2p is the dihedral group of order 2p. Here two of the maximal normal subgroups
are T1-groups and not PST-groups, all the others are T -groups.
(IV) For G/P cyclic of order an odd prime q we choose for example G = 〈x, y, z | x7 =
y7 = z3 = [[x, y], y] = [[x, y], x] = 1; z−1xz = x2; z−1yz = y4〉. Notice that [[x, y], z] = 1 and
〈x, y, z〉 = 〈xy, z〉. The maximal subgroup 〈x, y〉 is the only one which is a PST-group.
(V) For G/P cyclic of order 4 we may take G = 〈x, y, z | x5 = y5 = z4 = [[x, y], y] =
[[x, y], x] = 1; z−1xz = x2; z−1yz = y3〉. Notice that 〈x, y, z〉 = 〈xy, z〉, no maximal subgroup
is a PST-group.
(VI) The remaining cases in (c) we will treat by a family of examples generated by x, y, z
such that x19 = y19 = [x, y] = 1 and
(α) z6 = 1, z−1xz = x−1, z−1yz = y7, so [z2, x] = [z3, y] = 1;
(β) z6 = 1, z−1xz = x−1, z−1yz = y12, so [z2, x] = 1;
(γ ) z9 = 1, z−1xz = x4, z−1yz = y7, so [z3, y] = 1;
(δ) z9 = 1, z−1xz = x4, z−1yz = y9.
Here (p, r1, r2, rn) in the notation of Lemma 5(c) are taken to be (19,2,3,9), and in each case
the trivial commutators with non-trivial powers of z are recorded. In all cases the maximal non-
normal subgroups are T -groups since their commutator subgroup is a cyclic Sylow 19-subgroup,
also in (β) and (δ) the normal subgroups 〈x, y, z3〉 are T -groups, all other maximal normal
subgroups are T1-groups and not T -groups. Notice that the groups can be generated by xy and z.
We will see that the preceding lemmas will abbreviate many arguments of our final proof.
There is one case, however, where we cannot use the reduction we applied before. This will be
done first.
Lemma 6. Let G be a supersolvable minimal non-T1-group with maximal prime divisor p of |G|.
The Sylow p-subgroup P of G is a normal subgroup; let H be some Hall p′-subgroup of G.
If G/CH (P ) is a T1-group, then
J.C. Beidleman, H. Heineken / Journal of Algebra 319 (2008) 1685–1695 1693(a) |P | = p,
(b) either
(b1) |G/PCG(P )| = q with prime q satisfying q | p − 1, or
(b2) |G/PCG(P )| = qrt with primes q satisfying q | p − 1, r satisfying r | q − 1 and
rt | p − 1,
(c) |G′| = pq and |G/Z(G)| = pq2r in case (b1); in case (b2) we have |G′| = pq and
|G/Z(G)| = pq2rt .
Proof. We recall first that P is a normal subgroup since G is supersolvable. Therefore also
CG(P ) = Z(P ) × CH (P ) and its characteristic subgroup CH (P ) is a normal subgroup. So also
G/CH (P ) is defined. The Fitting subgroup of this quotient group is PCH (P )/CH (P ) ∼= P , and
since G/CH (P ) is a T1-group we obtain that (G/CH (P ))/(PCH (P )/CH (P )) ∼= G/PCG(P ) is
cyclic and its order divides p − 1.
Denote the set of primes dividing |G/PCG(P )| by Π , and assume, using Lemma 1, that H
is Π -nilpotent. Then the Hall Π ′-subgroup W of H is normal in H and centralizes P , so it is
normal in G. If W = 1, there is a maximal prime divisor s of W and the Sylow s-subgroup S
of W is characteristic in W . We apply Lemma 2 to find that G is a T1-group, a contradiction. So
W = 1. But then H is nilpotent and G is again a T1-group. So H is not Π -nilpotent.
We have seen that there is a prime q ∈ Π such that H is not q-nilpotent. Since H is a T1-
group, we have by Lemma 1 that the Sylow q-subgroup Q of H is a normal subgroup of H , and
there is an element u ∈ Q and a q ′-element v ∈ H such that 1 = [u,v] ∈ 〈u〉. We may choose u
to be of order q , further u ∈ G′ ⊆ PCG(P ).
Let w be an element of order some qn which does not centralize P . Then there is an element
x ∈ P such that 1 = [w,x] ∈ 〈x〉. Again we may assume that x is of order p.
Now 〈u,v,w,x〉 is not a T1-group by construction, and G = 〈u,v,w,x〉. In particular
|P | = p, and [u,w] ∈ CG(P ) shows that w can be chosen from CG(u). Now the minimality
of G also yields that 〈v,w〉 is abelian. If v ∈ CG(u), we have vp ∈ Z(G) by minimality of G, in
the other case 〈v〉 ∩ CG(P ) ⊆ Z(G), which means vrt ∈ Z(G) for some rt | p − 1. This shows
that |G/Z(G)| = pq2r in the first and |G/Z(G)| = pq2rt in the second case. 
Example. We take a family of examples E(d) where d = 44,9,−1,124:
E(d) = 〈x, y ∣∣ x40 = y205 = 1, x−1yx = yd 〉.
Now p,q, r of Lemma 6 are 41,5,2 and |E(d)/Z(E(d))| = 8200,4100,2050,2050 for
d = 44,9,−1,124. We have an isomorphism to the direct product of two non-abelian groups
of order 205 and 10 only for d = 124, in all other cases [x5, y5] = 1.
Proof of the theorem. We distinguish the following situations:
(I) G/CH (P ) is a T1-group,
(II) G/CH (P ) is supersolvable but not a T1-group,
(III) G/CH (P ) is not supersolvable.
Case (I) is treated in Lemma 6 and corresponds here to (a).
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UCH (P ) = H for all proper subgroups of H , and CH (P ) ⊆ Φ(H). Now (b), (c), (d) follow from
Lemma 5(b), (c).
Also in case (III) we have CH (P ) ⊆ Φ(H) and (e), (f) follow from Lemma 4(a), (b).
The lemmas also indicate that all possible subcases are considered and the list is therefore
complete. 
Examples to (b)–(f) in the theorem are easily found by extending, in the examples given
regarding Lemmas 4 and 5, the complements H of the normal Sylow subgroup P accordingly.
Remember that we have in these cases CH (P ) ⊆ Φ(H), so H is cyclic except in (b) (where H
has to be a two-generator 2-group), and the set of primes dividing |CH (P )| is a subset of those
dividing |H/CH (P )|. In other words, in all of these examples we have to generalize the order of
z accordingly since H = 〈z〉 while the other relations are kept.
We close with a statement connecting T1-groups with some other classes. It is new only for
T1-groups. We define the set Y of classes of solvable groups, consisting of the classes of su-
persolvable groups, of T -groups, of PST-groups, and of T1-groups. Now we are ready for the
formulation of
Corollary. Let X be a class of groups belonging to Y . Then the following statements are equiv-
alent:
(a) G is solvable and belongs to X ,
(b) all two-generator subgroups of G belong to X ,
(c) all subgroups whose order is divisible by at most three prime divisors belong to X .
Proof. All four classes of groups are subgroup closed, so (b) and (c) follow from (a). All four
classes are also subclasses of the class of supersolvable groups, so a minimal counterexample
to (a) satisfying (b) or (c) is solvable by Doerk [9] (see Proposition 3(a) and Huppert [11]), it is
two—generated and its order is divisible by at most three prime divisors
• by Carter, Fischer, Hawkes [8, p. 286] respectively by Doerk [9] for supersolvable groups,
• by Robinson [15] for T -groups,
• by Robinson [17] for PST-groups, and
• by our theorem for T1-groups.
So there is no such counterexample and the corollary is true. Notice that the statement for T1-
groups depends on the statement for supersolvable groups, and that (c) can be strengthened for
T -groups and for PST-groups to two prime divisors (see [15,17]). 
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